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New techniques for simulating crystals

Martin B. Sweatman*

Department of Chemical and Process Engineering, University of Strathclyde, Glasgow G1 1XJ, UK

(Received 12 December 2008; final version received 19 January 2009 )

Methods for simulating solid crystalline phases are generally not as straightforward as those for fluids. This work discusses
the reason for this and reviews some recently developed Monte-Carlo techniques for simulating crystalline phases. The self-
referential (SR) method for calculating crystal free energies is described first. This technique is particularly straightforward
and it is expected to be very versatile. Next, a novel kind of Gibbs ensemble method adapted to treat crystalline solid–fluid
coexistence is described. This technique requires free energy calculations of the crystalline phase as input, and of course,
these can be provided by the SR method.
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1. Introduction

1.1 Background

The crystalline state is fundamental in nature, and

molecular simulation is increasingly used to understand

and predict the properties of matter. Yet, despite this,

molecular simulation techniques for molecular crystals are

in general not as satisfactory as those for fluids, and there

is some debate about how confined crystals can be

simulated correctly. This paper reviews some recent work

that has made some progress in this area [1–4] and which

aims to make simulation of crystals, especially confined

crystals, easier.

Crystal phase diagrams are usually much more

complex than those of the corresponding fluid phases.

This complexity increases when one considers molecular

crystals, compared to atomic (spherical) species, and is

likely to increase further under confinement, such as

within a slit-pore, due to the shifting of bulk transitions

and the potential introduction of surface induced

transitions. The precise knowledge of a molecular crystal

phase diagram can be of tremendous practical and

economical interest, for instance in the pharmaceutical

industry, where the impact of crystal polymorph can be

almost as important as the choice of chemical compound

on its possible prescription as a drug. And the prediction of

freezing in confined environments, e.g. within porous

materials, can be useful for many engineering processes

that involve adsorption of fluids. Moreover, crystal phase

diagrams can be sensitive to the choice of molecular model

[5], and so crystal phase diagram prediction can be used as

another mechanism for fine-tuning molecular models. So it

is important to be able to easily and straightforwardly map

the phase diagrams of both bulk and confined molecular

crystals via molecular simulation.

Central to the problem of simulating crystals is

calculation of free energy. It is even more important to

know the free energy for crystals than for fluids. This is not

just because phase transitions involving crystalline solids

are often strongly first-order and associated with

significant hysteresis – a particular problem with

simulations. It is also because we cannot impose or

measure the bulk (i.e. experimental) pressure when

simulating confined crystals, unless an impractically

large system is simulated that includes the confined

system–bulk system interface. Instead, it is essential that

the chemical potential of the confined crystal is known

(imposed or measured), because this quantity is the same

in the confined and bulk systems at equilibrium.

Unfortunately, we cannot impose the chemical potential

on simulated crystals by performing grand-canonical

ensemble simulations. The reasons for this are explained

in detail in Section 1.2 below. Instead, we should perform

simulations that allow the crystal to relax to an equilibrium

state, and then seek to measure the chemical potential of

the crystal. For bulk crystals the isothermal–isobaric

(NPT) ensemble [6] is an obvious choice, while for

crystals confined in uniform slit-pores, for example,

simulations at constant interfacial tension (NsT) are

appropriate (Figure 1 shows a sketch of this ensemble). For

a pure system the chemical potential is then simply the

Gibbs free energy per particle. So for simulation studies of

confined crystals calculation of the Gibbs free energy is

essential if conditions inside the pore are to be related to

experimental (or bulk) conditions, regardless of whether

phase behaviour is of interest or not. In Section 2 of this
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paper an approach for performing such free energy

calculations, the self-referential (SR) method, developed

in recent years [1–3], which is significantly more

straightforward than other methods, is summarised.

Although the most recent version of this technique

(which incorporates a kind of thermodynamic integration)

has so far only been applied to bulk crystals, it is expected

that it can also be applied unchanged to confined crystals.

The Gibbs ensemble [6–8] is a convenient and popular

Monte-Carlo method for simulating phase coexistence. Its

main advantages are that coexisting states are generated

spontaneously during a single simulation (given reason-

able initial conditions) and that relatively small systems

can be simulated because a phase interface is not required.

Unfortunately, this method can fail if one or both of the

coexisting phases are either very dense or solid. For dense

liquid phases the method can fail if the acceptance rate for

particle transfers between phases becomes too low,

although specialised algorithms should improve transfer

acceptance rates for certain cases [9]. However, the

method fails when one or more of the phases are

crystalline for a more fundamental reason, which is again

discussed in Section 1.2. However, it is possible to apply

the Gibbs simulation technique to crystalline solid phases

in an indirect way, and Section 3 summarises work that

shows how this can be achieved. This technique [4] relies

on generation of an accurate canonical Helmholtz free-

energy model for the crystal phase. In turn, this free energy

model relies on calculation of the Gibbs free energy for a

trial crystalline state not too far from coexistence, which in

turn can be calculated via the SR approach just discussed.

So we see, once again, the importance of free energy

calculations for simulations of crystalline solids.

This work summarises both the SR method (Section 2)

and the Gibbs ensemble method applied to solid-fluid

coexistence (Section 3). But first, in Section 1.2, we

discuss the reason why crystals are not as easy to simulate

as fluids, namely because of conflict in symmetry

requirements.

1.2 A conflict of symmetry requirements

We know that for specified thermodynamic conditions

(temperature and chemical potential or pressure) only one

lattice site density corresponds to the equilibrium state. So,

a simulated crystal must be able to adjust its lattice site

density (provided it is not somehow initiated in the

equilibrium state) in response to these external conditions.

With grand-canonical simulations volume is fixed, so

equilibrium is achieved by fluctuations in particle number

in response to an applied chemical potential. However,

when simulating a space-filling crystal with periodic

boundary conditions this kind of fluctuation does not lead

to a change in the lattice site density. Instead, it can lead

only to changes in the number and kind of defects; it leads

to the wrong kind of fluctuation. So in principle, regardless

of the how well particle number fluctuations are sampled,

equilibrium simulations of crystals cannot be performed

with the grand canonical ensemble and periodic

boundaries. Of course, for a space filling crystal

fluctuations in lattice spacing in different directions can

be achieved at fixed volume by shortening one box length

while simultaneously lengthening another or by adjusting

vertex angles. However, in this case spacing in one

direction is traded against another, and although the crystal

might be able to relax somewhat, this will still not allow

full relaxation to the equilibrium lattice site density which

is fixed because the overall volume and number of lattice

sites is fixed. One might argue that it might be possible to

develop Monte-Carlo moves that allow an entire slice of

unit cells to be added or removed from one side of the

crystal simulation box, or to adapt Tilwani [10] re-tiling

algorithm to 3D crystals. But if this is achieved then in

general this would not correspond to the grand canonical

ensemble which requires molecule-by-molecule fluctu-

ations rather than fluctuations in the number of unit cells.

This problem is a matter of principle, and not concerned

with clever insertion/deletion strategies.

Let us consider why this is the case. If instead the

system was fluid, or even if it was a liquid crystal, i.e. if it

did not possess crystalline translational symmetry in at

least one direction, then the right kind of fluctuations could

occur, even with periodic boundaries, in response to an

applied chemical potential. So the fluid could adjust its

average density perfectly in response to any change in

chemical potential. Also, if the crystal simulation,

somehow, did not employ periodic boundaries then,

again, the correct kind of fluctuation could be simulated

and the crystal could adjust its average density perfectly in

response to any change in chemical potential. But when we

Figure 1. Sketch of the NsT ensemble for simulation of
crystalline solid in a slit-pore. Fluctuations in volume are allowed
in the direction of the slit-pore to equilibrate the interfacial
tension, s. Periodic boundaries are applied in directions parallel
to the pore walls.
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have both crystalline symmetry and periodic boundaries

simultaneously we encounter this problem. So the problem

occurs because of a conflict in symmetry requirements

between crystalline translational symmetry and periodic

boundary conditions.

Note that this is not a finite-size effect, i.e. this problem

is not automatically resolved by simulating a sufficiently

large system, because no matter how large the system one

cannot guarantee that it will be initiated with the correct

lattice site density, and in general molecule-by-molecule

fluctuations in the lattice site density cannot occur at

fixed volume.

The same problem would arise if one attempted a

standard Gibbs simulation involving a crystalline solid

phase. Once again, the crystalline phase must be able to

adjust its average lattice site density so that the chemical

potentials of the coexisting phases are equilibrated.

Although the lattice spacing can adjust so that pressure

is equilibrated, it cannot adjust in response to particle

exchanges which are responsible for equilibrating

chemical potential. Any particle exchanges that do occur

must result in creation or annihilation of defects, which by

themselves do not create any change in the average lattice

spacing.

Because of these problems it is standard practice to

perform simulations of crystals with periodic boundary

conditions using the NPT ensemble, or the equivalent

ensemble for confined crystals where the interfacial

tension is fixed. Although the number of particles is fixed,

the simulation cell volume can fluctuate with these

simulations, and so the lattice site density can relax to its

equilibrium value.

Despite this, there are a rapidly growing number of

examples [11–33] in the literature, where the grand

canonical ensemble is used to simulate space-filling

crystalline solids, particularly confined crystals. All this

work should be considered carefully, because in every case

these are not equilibrium simulations and each result is

subject to systematic error. So the precise location of

fluid–crystal phase transitions for bulk and confined

systems are in doubt. In particular, Gubbins and colleagues

[12–33] have performed many studies of bulk and

confined crystals using the grand canonical ensemble

together with a kind of Landau free energy technique,

which is essentially a non-Boltzmann or biased sampling

method. The aim in these studies is to measure the (grand)

free energy difference between liquid and crystalline

states. This is achieved by starting with one state (liquid or

crystal) and traversing a path, along an order parameter

that measures the system’s degree of crystalline order, to

the other state. The free energy difference is integrated

along this path. The problem with this technique in this

case is that the crystal end point of this path does not

correspond to an equilibrium crystal at the specified

chemical potential for the reasons given above, i.e. the

volume is fixed in advance. If the simulation cell volume is

large and the process is initiated with a liquid state, then as

the path towards the crystal state is taken the system might

adopt a lattice site density close to the equilibrium value.

But this is not guaranteed, and the difference between the

final lattice site density and the actual equilibrium lattice

site density corresponding to the applied chemical

potential will depend on the initial choice of volume.

Despite this problem, results for the location of freezing

transitional in pores obtained using this method are in

broad agreement with experiment, so it is likely that

systematic errors are not large. Nevertheless, it is always

preferable to formulate simulation strategies that are in

principle exact so that the only error is statistical.

The above arguments also apply to quasi 2D crystals

that form on the inner surface of a slit-pore where the pore

width is fixed and fluid fills the middle of the pore. Once

again, they key issue is whether the crystal can adjust its

lattice site density to reach equilibrium in response to an

applied chemical potential. If the pore width is fixed then

the lattice site density is determined by the area of the slit-

pore, which is fixed in advance with a grand canonical

simulation. So simulations of crystals on the surface of

slit-pores with fixed pore width using the grand canonical

ensemble are also not equilibrium simulations, unless the

correct pore area (or lattice site density) is known in

advance. Once again, the work of Gubbins and colleagues

[12–33] in this area must be viewed with caution because

all their results will exhibit systematic errors that depend

on the difference in the true equilibrium lattice site density

corresponding to the applied chemical potential and the

lattice site density that actually develops spontaneously in

their simulations, which is influenced by the initial choice

of pore area.

2. The SR method

As explained above in the introduction, methods for

calculating the free energy are important for crystals,

particularly confined crystals for which the chemical

potential must be calculated if the corresponding bulk

or reservoir state is to be determined. Several methods

[34–42] have been developed for calculating the canonical

Helmholtz free energy of crystals, which are also sufficient

for calculating the chemical potential, provided the

pressure is known or can be calculated (either the bulk

pressure or the interfacial tension for a confined crystal).

Probably the most popular of these free energy methods

are those based on an Einstein crystal reference state

[34,37,38,40–42], for which comprehensive texts

[5,6,43,44] have been published.

However, the Einstein crystal route is not a very

convenient method for confined crystals because the pore

walls need to be ‘integrated away’ to make a path from the
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confined crystal to the Einstein crystal (the Einstein crystal

is a non-interacting state, and so there cannot be any pore

walls in this state). Additional simulations are needed to

achieve this, and it is not clear that this is a straightforward

procedure. For example, the precise path chosen might

depend on the molecule–wall interaction type, i.e. hard or

continuous potentials, and on the possible existence of any

surface induced phase transitions. The aim of work that

lead to the SR method [3] (at least, the version of the SR

method described here) was to develop a method that is

able to treat bulk and confined crystals on an equal footing.

That is, to develop a method that did not require the pore

walls to be integrated away. So far, the version of the SR

method described in the next section has been applied

successfully only to bulk crystals [1–3]. Work aimed at

applying it to confined crystals is ongoing, although it

should be noted that the original version [45] of the SR

method was applied in the context of hard rods on a line,

which can be considered an extreme case of confinement

for hard spheres in a cylindrical pore.

The SR method calculates the free energy difference

between two crystalline solid systems that are identical

except for their size (see Figure 2). If the free energy

corresponding to the ensemble used is extensive, and if the

large system is twice the size of the small system, then this

free energy difference is also the free energy of the small

system. So the small system is a kind of reference state,

hence the name of this method. In early work Barnes and

Kofke [45] developed and applied the SR method to 1D

hard-rods on a line using the canonical ensemble and a

technique based on sampling vibrational modes. They

obtained good agreement with exact grand canonical

results indicating that their system was sufficiently large.

They coined the phrase ‘self-referential’ for this general

idea. Later, this idea was re-invented [3] in the context of

3D crystals and applied to hard sphere and Lennard-Jones

(LJ) crystals using the NPT ensemble and a kind of

‘parameter hopping’ Monte-Carlo technique. Once again,

comparison with reference literature results showed that

the SR method was feasible and correct. However, this

early version of the method is not efficient. The reason for

this is that the free energy difference between the large and

small system is actually relatively large, and so many

parameter hops, typically several thousand – each

requiring a single simulation, are needed to traverse the

path between the large and small systems. Note that this

particular technique is not an essential part of the SR

method. Indeed, recent work [1,2] has shown how the

efficiency of the SR method can be improved dramatically

by implementing a kind of thermodynamic integration

(SR-TI), to the point where the SR method can now be

considered useful, and it is this version of the method that

is summarised next. The latest version [1] also employs the

canonical ensemble, which is considered slightly more

convenient for bulk crystals, and has been extended and

applied to crystals composed of rigid linear molecules

(specifically homonuclear hard and LJ dumb-bells), and

validated once more against reference literature data. This

latest work also stated (but did not prove) that the method

could be applied to arbitrary space-filling crystals, and

provided a general formula for the reduced canonical

Helmholtz free energy difference per particle that is also

presented in the next section.

2.1 Theory

This section briefly summarises the derivation of the main

equations of the SR-TI technique [1,2]. As described

above, it is more convenient to formulate the method using

the canonical ensemble and this is how it will be described

next, although a discussion of how to use it with the NPT

ensemble will also be given later. This technique uses two

steps, ‘replication’ and ‘relaxation’, to compute the free

energy difference between the large and small systems.

Starting with the small system, the replication step

computes the free energy difference between the small

system and a double-size system that is constrained so that

it is self-similar, i.e. the two halves of the system are

almost identical in terms of particle degrees of freedom,

except, of course, that the replicated half is translated with

respect to the original half. Note that there are always

periodic boundary conditions; the small and large systems

are not isolated. The relaxation step computes the free

energy difference between this self-similar double-size

system and the normal, fully-relaxed double-size system.

Adding these two steps together gives the total free energy

difference between the small system and the double-size

system, which is the (negative of) the free energy

difference we seek.

2.1.1 Replication

The replication step can be calculated analytically. To see

this we first have to define the partition functions for the

small, constrained double-size, and relaxed double-size

systems. If we focus on particles with only positional

Figure 2. Sketch of the basic idea behind the SR method; the
Gibbs free energy of the double-size system is twice that of a
single-size system. Note that these are not isolated systems;
periodic boundaries are applied.
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coordinates initially for convenience, a canonical ensem-

ble partition function for a 3-dimensional system of N such

molecules is, according to the semi-classical approxi-

mation, given by

F ¼
L3N

t

N!

ð
V

drNe2bHðrN ;VÞ; ð1Þ

where ri is the position of particle i, drN indicates the phase

space volume element corresponding to the 3N positional

coordinates of all the particles, Lt ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pmkBT=h2

p
is the

translational contribution obtained by integrating over

momenta, H is the configurational contribution to the

Hamiltonian and b21 ¼ kBT (kB is Boltzmann’s constant

and T is temperature). Note that the momentum

contribution to the free energy is not important because

it is the same for all phases, so it is dropped from here on.

Only the configuration contribution is important in the

context of phase behaviour. More complex particles with

other degrees of freedom will be considered later.

Of course, we know that identical microstates must

only be counted once, and this issue needs careful

consideration [5,46,47]. The factor of N! in (1) arises

because normally there are no restrictions on the positions

of molecules relative to each other. So each microstate has

N! permutations, obtained by repeatedly swapping labels

on pairs of molecules. However, if with a simulated crystal

we restrict the positions of each molecule relative to each

other, then only N such permutations are possible. These N

permutations are obtained by translating the entire system

(remember we have periodic boundary conditions), with

fixed relative molecular positions, so that molecule 1 visits

the position of each of the other lattice sites. So, provided

our simulations only sample one permutation of relative

molecular positions (this constraint is indicated by the

symbol V0), the partition function can be written as

(without the momentum contributions now)

F ¼
1

N

ð
V 0

drNe2bHðrN ;VÞ: ð2Þ

Finally, by clamping molecule 1 at a particular

position we can write this as

F ¼
V

N

ð
V 0

drN21e2bHðrN ;VÞ: ð3Þ

Our aim, then, is to calculate the sum of the replication

and relaxation free energy differences which are

bDðFÞ ¼ DðbFrepÞ þ DðbFrelÞ

¼ 2 ln
Fa1

Fs

� �
2 ln

Fd

Fa1

� �
; ð4Þ

where the subscripts stand for the single-size system (s),

the highly constrained self-similar double-size system

(a1), and the normal double-size system (d). This subscript

notation is used throughout. Self-similarity of the double-

size system is enforced via a constraint term in the

configurational part of the Hamiltonian

Haðr
Nd ;VdÞ ¼ H0ðr

Nd ;VdÞ þ
XNs

i¼1

fðri 2 aÞ; ð5Þ

where ri ¼ riþNs
2 Lx 2 ri

�� ��, H0 is the Hamiltonian for an

unconstrained system of particles, and where the

constraint function is the infinite step-function,

fðrÞ ¼
1; r . 0

0; r # 0

(
ð6Þ

Note that the nature of the interaction between the

particles has not been specified. It could be defined by a

pair potential, or even a higher order multi-body potential.

At present, the only requirement is that the particles only

have positional degrees of freedom, and so any pair

potential is necessarily spherically symmetric. In Equation

(5) Ns is the number of particles in the small system, Lx is

the ‘replication vector’ equal to half the double-size

simulation box side (assumed to be in the x-direction here)

and a controls the degree of self-similarity, or equivalently

the degree of relaxation. That is, when a is very small the

double-size system is almost perfectly self-similar and

when a is very large the double-size system is perfectly

relaxed. Indeed, when a ¼ a1 the self-similarity constraint

is so severe that we can perform the integrals over the

replicated particles’ degrees of freedom immediately

because the Hamiltonian is essentially constant over the

phase space accessible to each replicated particle. We

obtain a contribution Va1
¼ 4pa3

1=3 per replicated

particle, i.e. the phase space volume available to

each replicated particle. At the same time, because the

double-size system is self-similar, we can write

Ha1
ðrNd ;VdÞ ø 2H0ðr

Ns ;VsÞ, and so the replication term is

DðbFrepÞø2ln
VNs
a1
Vd=Nd

Ð
V 0

s
drNs21 expð22ba1

H0ðr
Ns ;V sÞÞ

Vs=Ns

Ð
V 0

s
drNs21 expð2bsH0ðrNs ;VsÞÞ

 !
:

ð7Þ

Notice that the temperature of the double-size system

when a ¼ a1, denoted ba1
, is allowed to be different to the

temperature of the system we are interested in, bs. By

setting 2ba1
¼ bs we obtain

DðbFrepÞ ø 2Ns lnðVa1
Þ; ð8Þ

which is exact in the limit a1 ! 0.
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2.1.2 Relaxation

The relaxation free energy difference is conveniently

calculated using a kind of thermodynamic integration

DðbFrelÞ ¼

ðam

a1

da
dðbaFaÞ

da
; ð9Þ

where baFa ¼ 2 lnFa and am is so large that it has no

effect on the system, i.e. bam
Fam

¼ bdFd. The differential

can be written as

dðbaFaÞ

da
¼ 2

1

Fa

dFa

da
: ð10Þ

The partition function depends on a through both the

temperature and the Hamiltonian as follows. As a increases

the temperature must decrease so that ba ¼ bs ¼ bd when

a ¼ am. Also, as a increases the self-similarity constraint

relaxes until it no longer has any effect. By the chain rule

we obtain

dðbaFaÞ

da
¼ ba

›Ha

›a
þ Ha

›ba

›a

� �
; ð11Þ

whereHa is the Hamiltonian corresponding toFa and hence

Fa, and where the angle brackets denote an ensemble

average. So we have two contributions toD(bFrel); one due to

changes in temperature

DðbFTÞ ¼

ðbs

bs=2

Hah i dba ð12Þ

and another due to changes in the self-similarity constraint,

DðbFaÞ ¼

ðam

a1

da ba

›Ha

›a

� �� �
a

: ð13Þ

The first contribution, D(bFT), can be evaluated using

numerical quadrature. To calculate contribution (13) we

must first differentiate the Hamiltonian with respect to a.

This is not so straightforward, and rather than repeating the

derivation in earlier work the result is simply stated

DðbFaÞ ¼ 24pNs

ðam

a1

dagaðr ¼ aÞa2: ð14Þ

Here, ga(r) is the average ‘partner’ distribution

function gaðrÞ ¼ N21
s

P
igaiðri ¼ rÞ, where gai(ri) is the

individual partner distribution function for the separation

ri ¼ riþNs
2 ri 2 Lx

�� �� of any particle–replicated particle

pair when the self-similarity constraint is a and the

temperature is ba. In (14) this distribution function is

evaluated at its ‘edge’ when r ¼ a.

However, in the limit a1 ! 0, we find that

4pgaðrÞa
2=3 ø 1=a, and so greater numerical accuracy

is achieved by integrating with respect to ln(a). This

transforms (14) to

DðbFaÞ ¼ 24pNs

ðlnðamÞ

lnða1Þ

d lnðaÞgaðr ¼ aÞa3: ð15Þ

Putting (8), (12), and (15) together gives our final

result for the configurational contribution, which in terms

of a length scale l is

DðbFÞ

Ns

ø 2 ln
Va1

l3

� �
þ

1

Ns

ðbs

bs=2

db Hah i

2 4p

ðlnðamÞ

lnða1Þ

d lnðaÞgaðr ¼ aÞa3;

ð16Þ

which is exact in the limits a1 ! 0 and am !1.

Obviously, for computer calculations finite limits need to

be chosen for ln(a1) and ln(am). For the upper limit, am is

large enough when gam
ðr ¼ amÞ , 0. For a crystal there

will always exist am , l for which this occurs, where l is

the maximum lattice spacing in any direction. On the

other hand, in general it is not known in advance how

small a1 needs to be for a desired level of accuracy.

However, it is known that in the limit a1 ! 0, we find

4pgaðr ¼ aÞa3 ! 3. A sensible strategy then is to start

with am ¼ l and to reduce ln(a) in a sequence of steps until

this limit is reached with sufficient accuracy, i.e. until

Equation (16) has converged. Figure 3 shows how

Figure 3. The variation of 4pgaðr ¼ aÞa 3 with a for a hard
sphere fcc crystal with reduced density (average number of hard
spheres per hard-sphere diameter cubed) 1.04086. Symbol sizes
are larger than the standard error, and a is on a logarithmic scale.
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4pgaðr ¼ aÞa3 depends on a for a hard sphere face-

centred-cubic crystal with reduced density r* ¼ rs 3 ¼

1.04086, where s is the hard sphere diameter.

To calculate the integrals in (16) a series of simulations

for a range of values of a must be performed. Each

simulation is essentially an ordinary canonical ensemble

Monte-Carlo (MC) simulation of the double-size system,

except that the constraint on the configurational Hamil-

tonian defined in (5), which depends on a, must be

included. It is important to perform compound MC moves

to ensure efficient sampling when a is small. These moves

are described in the earlier work [1–3] in detail, but briefly

they consist of simultaneous trial moves for both particle i

and its partner, i þ Ns. A trial move consists of displacing

both particles by the same large amount, and then

displacing one of them a small amount more. Recall

particle 1 is clamped and so is never displaced. Also, the

temperature path from bs/2 to bs needs to be defined. In

fact this path will depend on a. In paper 1 a suitable path is

found to be one that keeps the total average configurational

energy, kHal, nearly constant as a changes. An algorithm

for choosing ba that achieves this is defined in that work,

although it is not unique and many other algorithms can be

defined. This kind of path, i.e. one that keeps the

configurational energy nearly constant, is thought to work

well because it is important to avoid any potential phase

transitions. A phase transition could occur if the pressure

of the double-size constrained system for any particular

value of a changes substantially from that of the

unconstrained system. And this can happen if the average

energy of the double-size constrained system changes

substantially from that of the unconstrained system. So a

temperature path that keeps the average configurational

energy nearly constant appears to be suitable.

2.2 Rigid linear molecules

Equation (16) is valid only for spherical particles, which

include hard spheres and LJ particles. In paper 1 it was

shown how the SR method can be extended to rigid linear

molecules, such as needles and dumb-bell shaped

molecules, and results obtained for hard and LJ dumb-

bells compared well with reference data in the literature

[48–50]. To make the extension to rigid linear molecules

we first have to consider and describe the degrees of

freedom of such a molecule. In addition, to the position of

the molecular centre, the direction of a rigid linear

molecule can be described in terms of Euler angles, i.e.

u describes its polar angle (the angle between a molecule’s

director and the z-Cartesian axis) and w describes its

azimuthal angle (the angle formed by the projection of the

director onto the x–y plane and the x-axis). The z-axis and

x-axis referred to here are fixed in space. However, when

using the SR method it is convenient to express the

orientational coordinates of each replicated molecule with

respect to the coordinates of that molecule’s original

partner molecule. So, for each replicated molecule t is the

angle between the directors of a replicated molecule and

its partner, while j is the azimuthal angle of a replicated

particle with respect to coordinates fixed to the director of

the original particle. Using this convention, which is

described in detail in terms of rotation matrices in paper 1,

the Hamiltonian for the constrained double-size system

can now be written as

Haðr
Nd ;VdÞ ¼ H0ðr

Nd ;VdÞ þ
XNs

i¼1

fðri 2 aÞ

þ
XNs

i¼1

fðhi 2 ĥaÞ; ð17Þ

where hi ¼ 1 2 cos(ti) and ĥa ¼ ĥðaÞ is the constraint on

each hi. Recall, this constraint is effectively on the angle ti
between the directors of each replicated particle and its

original partner. So each replicated particle’s director can

point anywhere within a circle on the surface of the unit

sphere centred on the director of the original particle.

These constraints are illustrated in Figure 4. Using this

convention it is once more straightforward to derive the

corresponding replication and relaxation terms following

the same procedure as for positional degrees of freedom.

The corresponding free energy expression for rigid linear

molecules is

DðbFÞ

Ns

¼2 ln
Va1

Vh1

l 3

� �
þ

1

Ns

ðbs

bs=2

dba Hah i

24p

ðlnðamÞ

lnða1Þ

dlnðaÞgaðr¼aÞa 3 2

ðlnðĥmÞ

lnðĥ1Þ

dlnðĥÞgĥa
ðh¼ ĥaÞĥa;

ð18Þ

where Vh1
¼ 2pĥ1 is the phase space volume (solid angle)

available to each replicated particle when fully con-

strained, and gĥa
ðhÞ is the average ‘partner’ distribution

function gĥa
ðhÞ ¼N21

s

P
igĥa

ðhi ¼hÞ, where gĥa
ðhiÞ is the

individual h partner distribution function for any particle–

replicated particle pair when the constraint is ĥa and the

temperature is ba (see Figure 4). In (18) this distribution

function is evaluated at its ‘edge’ when h¼ ĥa.

The upper limit, ĥm, depends on the kind of particle

and crystal phase being studied. For molecules with an

inversion centre (e.g. homonuclear dumb-bells) the

maximum value for ĥm is 1, and for plastic crystals

(these are crystals without long-range orientational order)

it is important to use this maximum limit. However, for

orientationally ordered crystals of these molecules ĥm is

large enough when gĥm
ðh ¼ ĥmÞ , 0. On the other hand,
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for plastic crystals composed of molecules without an

inversion centre (e.g. heteronuclear dumb-bells) it is

important to set ĥm ¼ 2. Finally, for orientationally

ordered crystals composed of these molecules ĥm is again

large enough when gĥm
ðh ¼ ĥmÞ , 0. However, one also

has to ensure that all the possible permutations for ‘up’ and

‘down’ molecules are properly sampled. This is similar to

the problem of residual entropy for water ice [5]. If we

now consider ĥ1, it is small enough when

gĥ1
ðh ¼ ĥ1Þĥ1 , 1. Clearly, the functional form for

ĥðaÞ should be chosen to reproduce these limits, and in

paper 1 a simple linear relationship is found to be

sufficient. Figure 5 shows how gĥa
ðh ¼ ĥaÞĥa depends on

ĥa for an a-N2 face-centred-cubic [1] crystal of hard

dumb-bells with reduced bond length L * ¼ L/d ¼ 0.3 and

reduced molecular density r* ¼ rd 3 ¼ 0.883397, where d

is the diameter of one site of the dumb-bell.

In paper 1 the (configurational) canonical Helmholtz

free energy difference (18) for some face-centred-cubic

crystals composed of hard and LJ dumb-bells was

evaluated for several different systems, including some

orientationally ordered and plastic crystals, and in general

the results compared well with values for the absolute

canonical Helmholtz free energy obtained using an

Einstein crystal (Frenkel–Ladd) based approach [48–50].

Serious disagreement between the SR and Frenkel–Ladd

approaches was found only for one of the LJ dumb-bell

systems.

2.3 Extension to other molecules and ensembles

We see by comparing (16) and (18) how a general

expression for the free energy of arbitrary space-filling

crystals can be developed. There is a contribution to the

replication term from each degree of freedom correspond-

ing to the phase space volume available to a replicated

particle when the system is most constrained at a ¼ a1.

For rigid molecules there is a contribution due to the

translational degrees of freedom of the molecular centre

(Va1
¼ 4pa3

1=3). For rigid linear molecules there is an

additional contribution due to the solid angle described by

a molecule’s director which, because only the relative

polar angle needs to be constrained for these molecules

(since the Hamiltonian is essentially independent of the

relative azimuthal angle when the polar angle is very

small), is V ĥ1
¼ 2pĥ1. For general rigid molecules

without any internal symmetries we expect an additional

contribution due to internal molecular rotations about

the major axis, described by 2p # k # p, equal to

V k̂1
¼ 2k̂1, where k̂1 is the initial constraint on jkj. Once

again, for the same reason given above, it should not be

necessary to constrain the relative azimuthal angle, and so

V ĥ1
remains equal to 2pĥ1. For non-rigid molecules there

is some freedom in the description of the molecular

degrees of freedom. For example, for a non-rigid

homonuclear dumb-bell molecule one could choose to

describe a molecule either in terms of the position of the

Figure 4. Depiction of some terms used to describe the relative
positions of the ith rigid linear molecule and its replicated
partner. The red and blue dots are the centres of the original and
replicated partner dumb-bells, respectively (after subtracting the
replication vector Lx from the position of the replicated dumb-
bell), while the red and blue lines are the directors of the original
and replicated partner dumb-bells, respectively. ri, the relative
separation of their centres, is constrained to be less than a, while
ti, the angle between their directors, is constrained to be less than
cos 21ð1 2 ĥaÞ. The relative azimuthal angle is not constrained,
so the director of the replicated molecule can point anywhere
within a circle on a sphere centred on the director or the original
molecule.

Figure 5. The variation of gĥa
with ĥa for a hard face centred

cubic hard dumb-bell crystal with reduced bond length
L* ¼ L/d ¼ 0.3 and reduced molecular density r * ¼
rs 3 ¼ 0.883397, where s is the diameter of one site of the
dumb-bell.

M.B. Sweatman904

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
7
:
1
8
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



molecular centre, the orientation of the molecular director

and the bond length, or alternatively in terms of the

positions of the two sites. Because with the SR method it is

convenient to express the coordinates of each replicated

particle relative to those of each corresponding original

particle, a replicated particle could be described in terms

of either ri, ti, ji and the difference in bond length, or

alternatively in terms of the positions of the two sites

relative to those of the original molecule. Each choice will

lead to different expressions for both the replication and

relaxation terms, but of course, the free energies calculated

by either choice should be the same.

In general, we can expect the replication term for a

pure crystal to be given by the analytic expression

DðbFrepÞ ¼ 2Ns ln
C1

ld

� �
; ð19Þ

where C ¼
Q

j f jðr̂jÞ is the phase-space available to a

single particle (which is just the product of the phase

space functions f jðr̂jÞ for each degree of freedom rj, while

C1 ¼
Q

j f jðr̂j1Þ is the phase-space volume available to

each replicated particle when the system is fully

constrained, and d is the dimensionality of the crystal.

By comparing (16) and (18) we see that for each

degree of freedom relaxed during the relaxation step that

there is an integral over its respective partner distribution

function. Each partner distribution function is multiplied

by the rate of change of the phase space volume, so we

expect the replication term can be generalised to

DðbFrelÞ ¼

ðbs

bs=2

dba Hah i2
X
j0

ðlnðr̂jmÞ

lnðr̂j1Þ

d lnðr̂jaÞgr̂ja

ðrj ¼ r̂jaÞr̂ja
dC

dr̂j

����
r̂ja

;

ð20Þ

where the sum need only be over those degrees of freedom

that were constrained upon replication, indicated by j 0, and

hence need to be relaxed. In addition, as with water ice, any

residual entropy would need to be accounted for.

The sum of (19) and (20) gives a rather compact and

simple expression for the Helmholtz free energy of crystals

DðbFÞ

Ns

¼2 ln
C1

ld

� �
þ

ðbs

bs=2

dba Hah i

2
X
j0

ðlnðr̂jmÞ

lnðr̂j1Þ

dlnðr̂jaÞgr̂ja ðrj¼ r̂jaÞr̂ja
dC

dr̂j

����
r̂ja

:
ð21Þ

Because the replication term is analytic only one kind

of simulation is needed that measures the respective

partner distribution functions at their ‘edges’,

gr̂ja ðrj ¼ r̂jaÞ, and the average configurational energy,

kHal, for a suitable range of values of the relaxation

parameter a, and for a suitable b-path. The corresponding

generalised Hamiltonian for these constrained double-size

simulations can be defined as

Hað{r}Nd ;VdÞ ¼ H0ð{r}Nd ;VdÞ þ
X
j0

XNs

i¼1

fðrij 2 r̂jaÞ;

ð22Þ

where {r}Nd indicates all particle coordinates (positions,

orientations etc.), and rij is the jth constrained degree of

freedom, corresponding to the constraint r̂ja, which

depends on the difference between the coordinates of an

original particle i and its replicated partner i þ Ns.

At no point have any assumptions about the nature of

molecule–molecule interactions or the presence of an

external field been made (except that any external field

should have the same translational symmetry as the single-

size simulation cell in the replication direction), and so,

without any change in the technique, it is expected that the

SR method can be applied to systems involving pairwise or

higher body interactions and to systems involving external

fields, such as pore walls, provided they have the required

translational symmetry. Clearly, further work is needed to

confirm these expectations.

Another attractive feature of the SR method is that the

centre of mass is not constrained, and so no centre of mass

corrections [42] are needed. Also, it was shown in paper 2

that the SR method can be used with the NPT ensemble.

For these simulations all quantities become ensemble

averaged with respect to volume fluctuations. The reduced

Gibbs free energy difference, D(bG) for spherical particles

was obtained as

DðbGÞ

Ns

ø 2 ln
Va1

l3

� �
s

2
lnð2Þ

Ns

þ
1

Ns

ðbs

bs=2

db PsVd þ Hh ia

2 4p

ðlnðamÞ

lnða1Þ

d lna gaðr ¼ aLxÞa
3L3

x

� �
a
:

ð23Þ

Here, there are several new terms and some new notation

that require explanation. But first, an important difference

between this NPT ensemble derivation and the canonical

ensemble derivation must be described. This difference

concerns the Hamiltonian for the constrained double-size

system, which for spherical particles is now written

Haðr
Nd ;VdÞ ¼ H0ðr

Nd ;VdÞ þ
XNs

i¼1

f ri 2 aLxð Þ: ð24Þ
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Note the factor Lx. Although important, it is actually

quite trivial to implement this constraint and clearly it is

possible to define the constrained Hamiltonian in this way

for the canonical version as well. So this can be considered

a generalised form of the self-similarity constraint.

Inclusion of this factor in (24) allows the self-similarity

constraint to fluctuate in tandem with the volume. This

difference ensures that volume fluctuations are not biased

by the self-similarity constraint (actually, this form of the

Hamiltonian assumes that volume fluctuations occur via

Monte-Carlo moves that uniformly scale the volume,

which is acceptable provided the shape of the simulation

cell is already consistent with the equilibrium shape of the

crystal unit cell). Switching a for aLx also results in a 3

becoming a3L3
x in the right most term in (23), and in Va1

becoming 4pa3L3
x=3. Also note the appearance of a ln(2)

term and the term PsVd, where Ps is the pressure and Vd is

the volume of the double-size system. The final difference

is that each term on the right hand side of (23) is an

ensemble average. The angle brackets denote an ensemble

average with respect to all fluctuations. But because ga is

already an ensemble average with respect to particle

positions, the curly brackets denote a further ensemble

average of ga only with respect to volume fluctuations.

Another important practical difference in evaluating (23)

compared to (16) concerns how the b-path is defined during

relaxation, that is how temperature is adjusted during

relaxation. The canonical ensemble version employs an

algorithm that attempts to keep the average (configurational)

energy of the double-size system nearly constant during

relaxation. As explained earlier, the rationale for this is that if

the average configurational energy is roughly constant

during relaxation then the crystal should not undergo any

change of phase. However, with the NPT version an

algorithm can be designed that works directly with the

volume. That is, in paper 2 an algorithm is employed that

attempts to keep the average volume nearly constant during

relaxation. It is not clear whether this choice for theb-path is

important, or whether the nearly constant average energy

algorithm would also be suitable for the NPT version.

Following the same arguments that lead to (21), the

general expression for the Gibbs free energy difference is

DðbGÞ

Ns

ø 2 ln
C1

l3

� �
s

2
lnð2Þ

Ns

þ
1

Ns

ðbs

bs=2

db PsVd þ Hh ia

2
X
j0

ðlnðr̂jmÞ

lnðr̂j1Þ

d ln r̂j gr̂j ðrj ¼ r̂jÞr̂j
›C

›r̂j

	 

a

;

ð25Þ

where for any positional degree of freedom we must let the

self-similarity constraint fluctuate in tandem with the

volume. Once again, this expression does not account for

any residual entropy. Future work will aim to test this

result.

3. The Gibbs ensemble adapted to crystalline solid–

fluid coexistence

A fluid system with fixed volume at sub-critical

temperature and density between the coexisting vapour

and liquid densities will spontaneously phase separate to

form the corresponding vapour and liquid phases because

this macrostate has the lowest Helmholtz free energy.

A state with even lower free energy is one without a

vapour–liquid interface. While it is not possible to avoid

the formation of an interface in nature under these

circumstances, it is possible to do this in molecular

simulations by simulating separate coexisting vapour and

liquid phases, and this is the basis of the Gibbs ensemble

simulation method [6–8]. The advantage this affords is

that the uniform bulk phases at coexistence can be

simulated, and this requires far fewer particles than a

simulation with an interface if accurate bulk fluid

properties are required. Since its invention this technique

has become a very popular method [51] for determining

fluid–fluid coexistence. Unfortunately, for the reason

outlined in Section 1.2, it is, in principle, impossible to

performGibbs ensemble simulations when one of the phases

is a crystalline solid in a directway.However, it is possible to

perform these simulations in an indirectway, and this section

summarises work [4] that demonstrates this.

Once again, we start by considering the configurational

partition function of a pure system, this time for a ‘two

box’ simulation where box 1 contains crystalline solid and

box 2 contains fluid, both with periodic boundaries

C ¼
XN
N1¼0

ðV
0

dV1

ð
drN1

N1!
expð2bHðrN1 ;V1ÞÞ

�

ð
drN2

N2!
expð2bHðrN2 ;V2ÞÞ: ð26Þ

Here, r represents all molecular degrees of freedom,

i.e. position, orientation etc., and for an, constant volume

Gibbs simulation we have V ¼ V1 þV2 and N ¼ N1 þN2.

The key idea of paper 4 is to replace the crystalline solid

simulation box by a free energy model of the crystalline

solid, i.e. to rewrite the partition function as

C ¼
XN
N1¼0

ðV
0

dV1 expð2bFðN1;V1ÞÞ

�

ð
drN2

N2!
expð2bHðrN2 ;V2ÞÞ; ð27Þ
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where F(N1,V1) is the canonical Helmholtz free energy for

a system with N1 molecules in volume V1. If F is known

accurately for all values of N1 and V1 that are sampled

during a simulation, then ensemble averages can be

calculated accurately for either phase, provided the fluid

can be simulated in box 2. Mehta and Kofke [52] used a

similar idea in their application to vapour– liquid

coexistence at low temperatures by employing a free

energy model for a low density vapour phase in

coexistence with a simulated liquid phase.

To make progress, a free energy model of the

crystalline solid phase is required for all values of N1

and V1 likely to be sampled during a Gibbs simulation.

Generally, a free energy model can be obtained as follows.

First, a Taylor series expansion in inverse powers of the

number of molecules, d ¼ 1/N, for the free energy per

particle f r ¼ FðN;N=rÞ=N at a particular density r, can be

written

f rðd1Þ ¼ f rð0Þ þ d1

›f r

›d

����
d¼0

þOðd2
1Þ: ð28Þ

From this, it follows immediately that to first order

f rðd1Þ < f rðdcÞ þ d1 2 dcð Þ
›f r

›d

����
d¼0

ð29Þ

and hence the canonical Helmholtz free energy for a

system with N1 particles in volume V1 can be written in

terms of the canonical Helmholtz free energy of a system

with Nc molecules at the same density as

FðN1;V1Þ <
N1

Nc

F Nc;V1

Nc

N1

� �
Þ þ 1 2

N1

Nc

� �

�
›f r

›d

����
d¼0

; ð30Þ

which is accurate for sufficiently large N1 and Nc. This

analysis has simplified the problem from that of knowing

the free energy for each combination of N1 and V1 to

instead just knowing the free energy for a fixed number of

molecules, Nc, in a range of volumes, and the constant

ð›f r=›dÞd¼0. In paper 2 Equation (30) is truncated at its

first term resulting in a simple linear scaling approxi-

mation for F

FðN1;V1Þ <
N1

Nc

F Nc;V1

Nc

N1

� �
ð31Þ

leaving just F(Nc, V) to be determined for a range of values

of V. This function can be found from the volume

probability distribution function, p(V), of an NPT

simulation with Nc particles at pressure P

FðNc;VÞ ¼ 2kBT ln pðVÞ2 PV þ mNc; ð32Þ

where m is the chemical potential corresponding to this

pressure (note the sign error in Equation (16) in paper 4).

To use (31) a pressure should be chosen such that the range

of densities sampled during the NPT simulation is similar

to that sampled during the Gibbs simulation. The chemical

potential at this pressure must also be known, and this can

be determined by any free energy method for crystalline

solids, including the SR method described in Section 2. In

paper 4, for convenience, a pressure for which (i) the

chemical potential was already known, and (ii) it was also

known that the appropriate range of densities would be

sampled, was chosen. However, in general, an appropriate

pressure is not usually known in advance, and so several

iterations of this Gibbs simulation technique might be

required to obtain convergent results. Future work will test

this aspect of this method.

In paper 4 a free energy model for the face centred

cubic phase of a crystalline (shifted force) LJ system was

generated by combining (31) and (32) to obtain

FðN1;V1Þ ¼
2kBTN1

Nc

ln p V1

Nc

N1

� �
2 PV1

þ mN1: ð33Þ

This free energy model, when combined with (27),

enabled Gibbs ensemble simulations of both vapour–solid

and liquid–solid coexistence at the triple point of this LJ

system. The known pressure and chemical potential at this

point were used to generate the free energy for Nc ¼ 256

particles at this state. This data is shown in Figure 6, and is

used as input to (31). Using this free energy model, good

agreement was found for the density, pressure and

chemical potential of the coexisting phases at the triple

point between the indirect Gibbs simulations described

here and from reference values in the literature [53] (to

within statistical error).

Clearly, this approach is not as convenient as standard

Gibbs simulations for gas–liquid coexistence because

usually a suitable pressure and chemical potential at which

to generate the canonical Helmholtz free energy model via

NPT simulation is not known in advance. In paper 4 a state

point for which this data was known in advance was

specifically chosen for convenience to test the method. But

usually this information will not be known. Also, this

method is less convenient than standard Gibbs simulations

of vapour–liquid coexistence because several types of

simulation are needed to generate the free energy model,

including a free energy calculation for the crystalline solid.

Future work will aim to compare this indirect Gibbs

ensemble strategy with the usual alternative strategy,

which is calculation of the free energy along both solid and

fluid branches near coexistence [5]. Also note the work of

Chen et al. [54] concerning simulation of fluid–solid

coexistence. Their Gibbs simulation technique is designed

Molecular Simulation 907

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
7
:
1
8
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



to allow simulation of phase coexistence between fluid and

solid phases. However, in their work equilibrium between

the fluid phase and the solid phase is achieved via a fluid–

solid interface. So, the title of their paper might not be

strictly accurate. Note also that the presence of an interface

combined with standard Gibbs ensemble volume exchange

moves results in a simulation that does not achieve true

equilibrium. That is, because of the interfacial tension,

fluctuations in the interfacial area will in general be

sampled incorrectly unless an extremely large system in

the direction perpendicular to the interface is studied.

Nevertheless, it is a relatively straightforward method.

Despite the initial success of the indirect Gibbs

simulation technique summarised above, several problems

with this method should be highlighted. First, as with any

Gibbs simulation, it becomes very slow if the liquid phase

is dense because the probability of a successful particle

exchange between boxes becomes very low. In this case

specialised ‘biasing’ techniques [9] might be useful.

Second, if the density difference between coexisting

phases is small, which is often the case for coexisting

liquid and solid phases, then large fluctuations in the

number of particles in each box should occur. In this case

very long simulations are needed to ensure sufficient

sampling of these large fluctuations. In addition, a more

accurate approximation than (33) for the free energy

model might be needed. This model relies on the simple

linear scaling approximation (31), which is expected to

lose accuracy when either Nc or N1 are small. A more

sophisticated approach could use both the first and second

terms in (30), with at least two NPT simulations performed

at the same pressure, but with significantly different

numbers of particles, to determine ð›f r=›dÞd¼0. Finally,

this approach has, so far, only been applied to pure crystals

and it is not yet clear if crystalline mixtures can be

simulated in this way.
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